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Abstract

An experimental method for determination of porous solid texture was proposed and verified. The method is based on unsteady permeation
of single gases in a porous medium. Transport parameters characterizing porous materials were determined by fitting the experimental data
to the theoretical transient responses by minimizing the objective function. Confidence limits of the transport parameters were evaluated
on the base of the Beale criterion. Results were discussed in terms of different mechanisms of mass transport. Advantages of this technique
were demonstrated for three porous catalysts of different textures. © 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

Porous materials play an important role in many chemi-
cal processes such as heterogeneously catalyzed reactions,
adsorption, and gas–solid reactions. If mass transport is not
much faster than other physical and chemical phenomena,
significant gradients of composition and/or pressure may
appear within the porous structure. The diffusional and/or
permeation flux arisen inside pores as consequence of these
gradients has not a negligible influence on the reaction ki-
netics, the adsorption equilibrium, the vapor–liquid equilib-
rium, etc. For evaluation of a real pore network, mercury
porosimetry in combination with low-temperature physical
adsorption of inert gases is commonly used. However, these
methods do not provide information suitable for calculation
of concentration fields inside porous solid particles under
different conditions (temperature, pressure, and composition
of multicomponent mixtures). For this reason, several ex-
perimental techniques and theories for direct characteriza-
tion of mass transport in porous solids have been proposed
and validated. Experiments are usually performed in the
Wick–Kallenbach cell [1] or in its modified version [2–4].
A particularly useful theory is based on the Maxwell–Stefan
equations modified for mass transport in porous solids [5–7].
This theory distinguishes between transport properties of
gases and textural properties of porous solids characterized
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by the set of transport parameters of porous solids. Transport
properties of gases are usually known. However, transport
parameters are not accessible on a theoretical basis and have
to be determined experimentally. The simplest experimen-
tal technique uses the forced flow of a single gas through
a porous solid (permeation). This method allows to assess
a porous solid texture and to estimate some of transport
parameters needed for description of multicomponent mass
transport [3].

The transport of a single gas in a long cylindrical pore can
be characterized by the magnitude of the Knudsen number.
For this purpose, the Knudsen number is defined as the ratio
of the mean free path of the moleculeλ to the mean pore
diameter 2〈r〉

Kn = λ

2〈r〉 (1)

In the Knudsen region, i.e. if pressure→ 0 and hence
Kn→ ∞, the encounters of molecules with pore walls
prevail. On the other hand, in the region of continuum,
i.e. if pressure is sufficiently high and henceKn→ 0, the
most of encounters takes place among molecules. Both the
mechanisms contribute to the overall mass transport in the
transition region (Kn≈1).

The relation expressing the molar flux density of a single
gas both in the Knudsen flow and the viscous flow with the
slip on the wall is given by the d’Arcy constitutive equation

N = −B ∂c
∂x

(2)
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wherec is the molar concentration,x the spatial coordinate
andB denotes an effective permeability coefficient generally
depending on pressureP and temperatureT and porous solid
properties. For this dependence, the Weber equation is often
used

B = 2

3
〈r〉ψ

√
8RgT

πM

(
ω + Kn

1 + Kn

)
+ 〈r2〉ψ P

8µ
(3)

where〈r2〉 designates the mean square of pore radii,Rg de-
notes the gas constant,M the molecular weight of gas, andµ
the gas viscosity. The mean pore radius and the mean square
of pore radii appear always in the product with the ratioψ
of the total porosityε and tortuosity. The parameterω char-
acterizes the slip of molecules on the pore wall. According
to the Weber equation there are the four material constants
of a porous solid:〈r〉ψ , 〈r2〉ψ , 〈r〉 andω. For the sake of
simplicity, the parameterω was supposed to be 1 and, thus,
the Weber equation (3) could be simplified in the following
manner:

B = 2

3
〈r〉ψ

√
8RgT

πM
+ 〈r2〉ψ P

8µ
(4)

For any inert gas and a porous solid, given the viscosity
µ and the molecular weightM shall balance differences
in the corresponding actual molar flux density (Eq. (2)) in
order that the transport parameters〈r〉 and 〈r2〉ψ may be
constant.

The main goal of this study has been the proposal and the
validation of an experimental method for determination of
the transport parameters〈r〉 and〈r2〉ψ from measurements
performed under dynamic conditions in the permeation cell.
Parameter estimates have been supplemented by their con-
fidence limits in order to judge the experimental technique
performance. Three catalysts of different textures have been
used to demonstrate the features of our method.

2. Experimental

Three porous catalysts of different textures were selected
for the purpose of this study. The first two catalysts are
used in the chemical industry for methanol synthesis (ICI
52-1, ICI Ltd., UK) and hydrogenation (Cherox 42-00,
Chemopetrol Litv́ınov, Inc., Czech Republic, the shorter
name Cherox is used in the foregoing discussion). The third
catalyst wasa-alumina (internally marked by A5) prepared
from boehmit Pural SB, Condea Chemie, Germany. All
porous materials were shaped as cylindrical pellets. Their
basic textural properties were obtained by the standard
methods of textural analysis, see Table 1. The catalysts ICI
52-1 and Cherox 42-00 were both monodispersed differing
in the mean pore radii. Pellets of A5 had the bidispersed
texture in which mesopores dominated over macropores.

The permeation cell (Fig. 1) consisted of two cham-
bers separated by a metallic holder of pellets. Cylindrical

Table 1
Basic textural parameters of porous materials

Quantity ICI 52-1 Cherox A5

Pellet height,L (mm) 4.27 4.90 3.45
Pellet diameter (mm) 4.86 5.00 3.45
Volumea, Vp (cm3) 3.327 4.041 0.032
Helium density (g cm−3) 3.833 3.472 3.953
Apparent density (g cm−3) 1.518 2.234 2.548
Total porosity,ε 0.604 0.357 0.355
Surface BET (m2 g−1) 73.0 3.97 0.46
Mean pore radiusb (nm) 8.2 70 290/2070

a Total volume of all pellets inserted in the pellet holder.
b Determined by mercury porosimetry.

porous pellets were sealed by pieces of a silicon rubber
in the holder. The capillary of the small internal diam-
eter connected the upper chamber and the electromag-
netic valve. It was checked that its diameter of 0.98 mm
and its length of 15 cm were sufficient to guarantee the
smooth filling of the upper chamber. The lower chamber
was equipped by the absolute pressure gauge (0–101 kPa,
Omega Engineering, Inc., USA). The valve opening and
signal recording were synchronized by means of a personal
computer.

All permeation experiments were made under an ambi-
ent temperature. The number of pellets, i.e. the total pellet
area for mass transport and, consequently, a time span of
experiment, was adjusted according to pellet properties (see
Table 1). Before the start of the run, the same values of pres-
sure were adjusted in both the chambers. At the start of the
run, the electromagnetic valve was opened and the selected
inert gas flowing through the input capillary started to fill
the upper chamber. From this moment (t=0 s) the pressure
response in the lower chamber was logged by the personal
computer with frequency of 1 Hz. The pressure in the upper
chamber and the pressure in front of the input capillary were
equilibrated within a few seconds. Thus, the duration of this
process was negligible in comparison with the duration of
the whole experiment (>300 s). Inert gases — H2, He, N2,
and Ar — were used in all experiments.

Fig. 1. Scheme of the permeation cell. 1, Metallic holder of pellets; 2,
pellets; 3, lower chamber of volumeV0=73.6 cm3; 4, upper chamber of
volume VL=78.5 cm3; 5, pressure gauge; 6, capillary; 7, input valve; 8
and 9, vacuum valves.
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3. Mass balance of the permeation cell

Since the metallic pellet holder closes pellet shells, mass
transport in porous pellets can be treated as one-dimensional,
i.e. the porous pellet body has the slab geometry. Thus, the
mass balance of gaseous phase in porous pellets reads

ε
∂c(t, x)

∂t
= −∂N(t, x)

∂x
(5)

wherec is the molar concentration generally dependent on
the spatial coordinatex and timet. The molar flux density
N is given by Eq. (2).

The boundary condition atx=0 is given by the mass bal-
ance of the lower chamber. Assuming a gradientless cham-
ber, this condition reads

V0
∂c(t,0)

∂t
= −Vp

L
N(t,0) (6)

whereV0 is the volume of the lower chamber,Vp denotes
the total volume of all pellets andL is the mean pellet length
(height in Table 1). The boundary condition atx=L is given
by mass balance of the upper chamber of the volumeVL

VL
∂C(t, L)

∂t
= Vp

L
N(t, L)

+ πξ

16RgT µ
{P 2

in − [RgTc(t, L)]2 } (7)

No pressure gradient in the chamber was again assumed in
derivation of Eq. (7). The last term on the right-hand side of
Eq. (7) — the Hagen–Poiseuille law — describes the forced
flow through the input capillary. The input pressure in front
of the capillaryPin is the constant quantity as well as the gas
viscosityµ. The constantξ determines a capillary resistance
to the viscous flow.

Initial conditions for differential equations (2) and (4)–(7)
are given by the following expression:

c(0, x) = c0 (8)

where the molar concentrationc0 is proportional to the initial
pressure in the cell. The initial boundary value problems (2)
and (4)–(8) was integrated by the method of lines [8].

4. Results and discussion

The adjustable constantξ in Eq. (7) was calculated from
the capillary diameter and length, i.e.ξ=3.9×10−13 m3.
Preliminary numerical simulations revealed that the model
was capable of predicting a reliable pressure rise in the up-
per chamber after the start of the run despite of the turbulent
flow in the input capillary. Hence, it appears that the ap-
proximate validity of the second term in the right-hand side
of Eq. (7) did not affect the performance of the complete
models (2) and (4)–(8). Five pressure responses differing in
initial pressure levels were obtained for each single gas. To

estimate a performance of our method, each measurement
was repeated once. The initial molar concentrationc0 in
Eq. (8) was determined from the experimental value of the
initial pressure in the cell for each run. The standard devia-
tion σ of measured pressurepij was approximately 0.35 kPa
in the whole working interval of the pressure gauge.

The transport parameters should only depend on the
porous solid used. However, random errors of measured
quantities result generally in disapproving values of param-
eters estimated from different experiments and, thus, an
appropriate way of their averaging must be chosen. In this
work, the transport parameters were obtained by fitting the
experimental data for all the gases and the given porous
catalyst to the systems (2) and (4)–(8) by minimizing the
weighted sum of squared deviations between the experi-
mental (pij ) and theoretical (∼c(tij , 0)) pressure responses

χ2(〈r〉ψ, 〈r2〉ψ) = 1

σ 2

m∑
j=1

1

nj

nj∑
i=1

[pij − RgTc(tij ,0)]
2 (9)

Since combinations of the five initial pressure levels (see
Fig. 2) and the four gases (H2, He, N2, and Ar) were used
once, the total number of responsesm was always 20. The
minimization of the objective function (9) was performed
by the Marquardt–Levenberg method [8,9] which required
the vector of partial derivatives

Ω(t)= {ω1(t), ω2(t)}
=

{
RgT

∂c(t,0)

∂ ln(〈r〉ψ),RgT
∂c(t,0)

∂ ln(〈r2〉ψ)
}

(10)

To get these derivatives, equations for sensitivity functions
[10] were solved together with the system of Eqs. (2) and
(4)–(8). The Marquardt–Levenberg method always con-
verged within several iterations in all cases.

Fig. 2 depicts a very good agreement between experimen-
tal and theoretical responses for permeation of He and N2
through pellets of Cherox. A similarly good agreement was
found for ICI 52-1 and A5. The optimum transport para-
meter values are listed in Table 2. The model fits the experi-
mental data in the descending order: ICI 52-1, Cherox, and
A5. A relatively poor fit between the model containing the
two parameters and the experimental data was expected for
the bidisperse A5.

The optimum values of the transport parameters provide
a picture of the mass transport mechanisms prevailing in
the catalysts. The Knudsen flow dominated in pellets of ICI
52-1. On the other hand, the viscous flow was the most

Table 2
Optimum transport parameters and minima of the objective function (9)

Catalyst
∑
nj 〈r〉ψ (nm) 〈r2〉ψ (nm2) χ2

ICI 52-1 53810 1.100 22.4 27.59
Cherox 25953 5.124 683.3 31.81
A5 14834 186.0 415700 33.74
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Fig. 2. Permeation of He and N2 in Cherox. The selected responses and experimental points are only shown.

significant mechanism of mass transport in pellets of A5.
To quantify it, the partial derivatives of the molar concen-
tration of nitrogen with respect to the transport parameters
of all catalysts, i.e. the sensitivity functions, are shown in
Fig. 3. Generally speaking, the higher the sensitivity func-
tion value, the more sensitive the solution of initial bound-
ary value problem is, to a small change of any parameter
of interest. All the sensitivity functions are positive for any
value oft, i.e. a small positive change of both the transport
parameters would speed up the process of permeation. In
the case of ICI 52-1 the sensitivity functionω1(t) is much
higher thanω2(t) in the whole time domain. It is obvious
the response curve,RgTc(t, 0), would be very sensitive to a
small perturbation of〈r〉ψ . On the other hand, a perturbation
of 〈r2〉ψ would have the negligible influence on the system
responses. Since pellets of Cherox and A5 have wider pores,
the corresponding maxima ofω2(t) rise. The maximum of
ω2(t) is higher than the maximumω1(t) for pellets of A5.
In this case the system response would be most sensitive to
a small perturbation of〈r2〉ψ .

Fig. 3. Sensitivity function (10) for permeation of N2 calculated for the
optimum transport parameters. The digits designate the catalyst — 1, A5;
2, Cherox; 3, ICI 52-1. The letters ‘a’ and ‘b’ are used forω1(t) and
ω2(t), respectively.

The accuracy of the calculated values of the trans-
port parameters may be judged according to their confi-
dence limits (confidence region) [11]. The model given
by Eqs. (2) and (4)–(8) is not linear in the transport para-
meters and, thus, the estimation of confidence limits using
the variance–covariance matrix is not recommended [12].
Furthermore, it was found the variance–covariance matrix
calculated from the model linearized nearby the optimum
was always nondiagonal, i.e. the transport parameters were
correlated significantly in all cases (correlation coefficients
of the parameters〈r2〉ψ and 〈r〉ψ were −0.945 for ICI
52-1,−0.917 for Cherox, and−0.891 for A5). The corre-
lation of these transport parameters follows from the nature
of the model. In the first approximation pores can be mod-
eled by long cylindrical capillaries in which the simple
relation holds:〈r2〉=〈r〉2. A real pore does not have the cir-
cular cross-section and the following inequality is generally
valid: 〈r2〉6=〈r〉2. However, it is apparent the two quantities
〈r〉ψ and 〈r2〉ψ must be correlated in real pore networks.
From these reasons, the correlation matrix could be used
exclusively as a measure of correlation.

An alternative approach to estimation of confidence limits
has been suggested by Mezaki and Kittrell [12]. According
to the Beale likelihood criterion [13] it is possible to deter-
mine the critical sum of the squared deviations,χ2

crit, for the
100(l−α)% confidence level and the two model parameters
as follows:

χ2
crit = χ2

opt + 2Fα(2, ν). (11)

where Fα(2,ν) is the upperα probability point of the
Fisher distribution with the two andν degrees of freedom.
In our particular caseν is defined by

∑
nj − 2. If the

usual value of 0.0455 is assumed forα, Fα(2,ν) is always
3.09. To determine the confidence limits, e.g. the upper
limit of 〈r〉ψ , the task of nonlinear programming had to be
solved, e.g.

maximize〈r〉ψ (12)
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Table 3
Confidence limits of transport parameters

Catalyst 〈r〉ψ (nm) 〈r2〉ψ (nm) χ2
crit

Lower Upper Lower Upper

ICI 52-1 1.065 1.137 0a 45.2 33.77
Cherox 4.95 5.30 560 806 37.99
A5 170 202 400800 431400 39.92

a Approximate value.

subject to the inequality constraint

〈r〉ψ |opt < 〈r〉ψ < ∞ (13)

and the equality constraint given by Eq. (11).
Table 3 summarizes the confidence limits of the transport

parameters〈r〉ψ , 〈r2〉ψ , and the critical sums of squared
deviations for the 95.45% confidence level. The comparison
of Tables 2 and 3 revealed that the confidence intervals were
approximately symmetric and, therefore, the model was
only slightly nonlinear in the transport parameters (confi-
dence region was almost ellipse). The pellets of ICI 52-1
had narrow pores and, thus, the Knudsen flow was clearly
the dominating mechanism of mass transport (see Fig. 3,
ω2(t) was negligible in comparison withω1(t)). Under these
circumstances the wide confidence interval of〈r2〉ψ was
not surprising. On the other hand, the first parameter〈r〉ψ
was estimated reliably according to its narrow confidence
interval. One could conclude that only the experimental
conditions were suitable for the estimation of the first trans-
port parameter. To improve the estimation of the second
transport parameter, one would have to perform additional
experiments under a higher mean pressure in the cell (both
c0 and Pin would be higher). Suitable conditions may be
determined by means of sensitivity analysis. The ranges of
ω1(t) andω2(t) should be approximately same. The flow in
pores of Cherox took place in the transition region under
conditions used in this work. Fig. 3 illustrates it in terms
of the sensitivity functionsω1(t) andω2(t), which are not
very different in their magnitudes. The confidence interval
of 〈r2〉ψ is relatively narrowest for A5 because the viscous
flow is the most significant mechanism of mass transport as
one could deduce from the magnitudes ofω1(t) andω2(t).

The transport parameters of Cherox found in this
work were in reasonably good agreement with trans-
port parameters of the same catalyst (〈r2〉ψ=895.4 nm2,
〈r〉ψ=5.129 nm,ψ=0.267) estimated [14] from transient
responses of the Wicke–Kallenbach cell.

5. Conclusions

The dynamic experimental method of transport parameter
evaluation was found to be reliable for both the monodis-

perse and bidisperse porous media. The equipment needed
for it was simple and relatively cheap. The characterization
of a catalyst could be performed within 1 day. The opti-
mum values of transport parameters were supplemented by
the confidence limits. The transport parameters can be used
as well for predicting the combined transport due to simul-
taneous pressure and composition gradients. Note that the
permeation cell can be easily modified to work under differ-
ent mean pressure. In this manner, the experimental condi-
tions can be adjusted according to a porous medium texture
in order to get reliable estimates of the parameters.
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[10] P. Čapek, A. Seidel-Morgenstern, Sensitivity analysis of multi-
component mass transport in porous solids described by partial
differential equations, in: Proceedings of the International Workshop
on Scientific Computing in Chemical Engineering II, Hamburg,
Germany, 26–28 May 1999.

[11] D.J. Pritchard, J. Downie, D.W. Bacon, Further consideration of
heteroscedasticity in fitting kinetic models, Technometrics 19 (3)
(1977) 227.

[12] R. Mezaki, J.R. Kittrell, Parametric sensitivity in fitting nonlinear
kinetic models, Ind. Eng. Chem. 59 (5) (1967) 63.

[13] E.M.L. Beale, Confidence regions in nonlinear estimation, R. Statist.
Soc. B 22 (1960) 41.

[14] O. Šolcová, H. Šnajdaulová, V. Heitmánek, P. Schneider, Chara-
cterization of porous solids for gas transport, in: Proceedings of
the International Conference on Porous Structure — COPS V,
Heidelberg, Germany, 30 May–2 June 1999, in press.


